I. Introduction
The nonlinear Schroedinger equation, Eq. (1) numerical results is given in Section III. In ·section IV we show that an exact solution is possible when the damping is proportional to k 2 (k is th~ wa\r~~Wnber)'. Nurneri~~l results for the damped soliton were given ea;lier, 13 'but without comparison to an analytical theory. Damping has also been included in the inverse scattering solution of the noni'inear Schroedinger equation. 14 However •. that approach is rather unwieldy, and seems to yield the same results as the approximate method used here.
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II. Damped Solitons: Theory
The nonlinear Schroedinger equation for the complex function q(x,t) is (1) All variables in (1) are appropriately normalized. The damping is . 
Introduction of damping in this way yields an exponential decay with damping rate of yk for each mode when the nonlinear term (I q 1 2 q\ is absent. However, the nonlinear term couples the modes, so that mode k is also affected by the damping of all other modes. The damping term ykqk in Eq. (2) has its counterpart in an extra term in Eq. (1) , which becomes
at ax2 (3) The damping term can also be written as a convolution, c.f. Refs. 9
and 10.
The particular form of the damping rate yk depends on the physical situation where Eq. (2) applies. We mention:
i) "Collisional" damping, where the damping does not depend on wave number; yk = constant = £, and £ is a small positive number.
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We do not use this damping in our computations because the form (4a) is too complicated for analytical results, and moreover not valid for large k. Instead, we use power-law damping, of the form
where the exponent b is real and non-negative, but not necessarily ·integer. Such a damping arises in the Korteweg.,-deVries equation for ion acoustic waves, where b = 1, and for water waves with damping in a ' 11 boundary layer, where b = ~-We obtain Eq. (4b) for Langmuir waves -b+l when the electron distribution has a tail proportional to v Here we do not refer to any particular physical situation, but take Eq. (4b)
as our model damping; this damping allows an analytic estimate of the properties of a soliton for large times.
For exponent b an even integer, the damping term in (3) reduces to i£ (-) b/ 2 ca;ax) b. so that for b = 2 the damping term can be inserted in Eq. (3) by changing the coefficient of (a/ax) 2 from unity to (l-it:).
Collisional damping is obtained for b = 0. For b;. 0 the higher wave numbers are damped more heavily than the lower ones .
The invariance of (1) under the scaling transformation
(~ is an arbitrary constant), shows that a solution of (1) , without damping, can be written as
In particular, the soliton solution is
Here K is a parameter proportional to the amplitude and inverse width of the soliton. In Eq. (Sb), vis the velocity, independent of K, and 
Here only the phase <P (k, t) = (v 2 I 4 + K 2 -kv)t is the time dependent.
The first three invariants of the nonlinear Schroedinger equation
Here and throughout the paper the integrations run over the entire real axis. When q(x,t) is interpreted as a particle probability amplitude, as in quantum mechanics, the invariant N expresses conservation of particles, P conservation of momentum, proportional to k, and I conservation of kinetic energy, proportional to k 2 , plus potential energy, proportional to -lql 2 . The values of the invariants for the soliton, Eq. (Sb), are
When damping is introduced, N, P, and I are no longer invariant, but change in time. We find for N:
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Equation (6a 1 ) can be interpreted as the removal of quanta; then Eqs.
(6b') and (6c') give the change in total momentum and energy corresponding to that quantum. Even though N, P and I are no longer invariant when.damping is introduced, we will refer to Eqs. (6) as invariants or conservation laws.
How does the soliton of Eq. (Sb) change on introduction of damping?
Consider first the solution (Sa), with velocity v = ae;az = 0. If f(Kx,t) corresponds to a solution of Eq. (1) it is reasonable to assume that only the parameter K depends to orde.r e: on time, but that the shape f(Kx,t), expressing an equilibrium between dispersion and nonlinearlity, depends to some higher order on time; we write f= f(Kx;t).
The time change of K must be consi~tent with the COQservation laws, in particular with Eq. (6a'). Calculating the Fourier transform fk (t) of {Sa), introducing k' = k/K; and substituting this in (6a 1 ) we find Table 1 .
When B is constant we can integrate Eq. (7a) to find
, and the damping coefficient v:
In the limit of collisional damping, b-+0, we recover exponential decay, However, when b is even the absolute values in yk are immaterial.
Forb= 2, for example, we again split kin (k-v/2) and v/2 and insert
The integration in Eq. (9) annihilates the terms of yk even in (k-v/2), and we obtain: (10) When the initial velocity is small we can neglect v in the integral, and compare Eqs. The position of the soliton maximum x , which can be easily m compared to the numerical results, follows by integrating Eq. (12) oncemore. Using the explicit time dependence of Eq. (8) yields Eq. (5) . We also note that the integral flqldx, which is proportional to the number of solitons 8 that can evolve from a particular initial condition q(x,t = O), is independent of K for a soliton, Eq. (5); thus the number of solitons does not change when damping is included.
Throughout this discussion we have tacitly assumed that e: is positive, i.e. damping rather than growth. However, Eq. (3) is invariant under the complex· conjugation when in addition t and e: change sign. Thus our results are valid for a wavelength-dependent growth as well, ·as long as 'the use of Eqs. · (5) and (6) remains justified.
.,. 12 -
III. Comparison to Numerical Solution
We now compare the time evolution of a soliton with power-law damping in Eq. (3) The evolution of a damped soliton forb= 2 is reconsidered in Section IV. The shape of a damping soliton as a function of time is shown in Figure 4a when the damping exponent b = 1. At, t = -2, the soli ton shape is more peaked than the initial sech-form. At t = 4 the peak has grown, and additional tails have appeared. above illustrative E's change by a factor (K/2) . when a soliton with parameter K is damped .
It is of interest to determine the functional form of a soliton that remains self ... similar from t = 0 to all later times; this is only possible for b = 2, as only then the damping term does not change in time relative to the other terms. We defer this discussion to Section IV.
The soliton in all previous computations had initial velocity zero. This velocity remains zero as Eq. (3) is symmetric in x. For collisionai damping the velocity does not change ~ven when v # 0.
We now briefly consider a moving soliton. In Fig. 5 we show the position x of the soliton maximum by the broken line when the damping exponent m b = 2, i.e., the case that follows the' analytic approximations best.
The straight line is the position in the undamped case, xm = vt with v:::: 1.
We observe fair agreement with the prediction of Eq. (13), given by the solid curve. When the initial velocity is not equal to zero the damping is indeed stronger than when v = 0 (c. f. Table 1 After developing some understanding of the analytically somewhat tractable case of power-law damping we conclude with a soliton subject -18 - to Landau damping. In Figure 6 the time evolution of N(t) with Landau damping, the curve marked LD~ is compared to this quantity, when powerlaw damping with b = 0, b = 2, and b = 4 applies. We have again chosen parameters such that the initial damping is about the same in all computations. We see that INILD is large initially, compared to its final value, which is almost zero. The decrease of N for larger times is more rapid with power-law damping than with Landau damping.
We have seen in this section that a soliton in the nonlinear We put t: = 0; multiplying Eq, (2la) by f/2 and integration over z yields 
- (24b) The first term of E~. (24) can be includt;d in f as a compt,e_x -e;x:ponent.
To first order, Eq . _( 1 7) becomes (compare Ref.
[-. 2'/·6· ... ftK2d . . )· q x,t;E = vL:· sec ·z.--·exp ·lEZ
The soli ton to second order in E can be found by -mult.ipiyi~g
Eq. (2la) ''with '2f ., and int~gratin·g-. We find z where and -22 -
Here X= X(f;z) stands for the term in square brackets of Eq. (2la).
The integration in Eq. (25c) 
The constant £n 2 is the 1 imi t of z tgh z + £n (sech z); thus oV + 0 as f + 0.
The desired form oV(f) is found, correct to first order in E, by sub-
stituting f for sech z, (1 -f 2 ) 2 for tgh z = -f /f, and arcsech (f) for z. Fort.unately it is not necessa.ry to find ,the ·explicit form of this solution f(z). for the calculation of the, damping .rate, becau~e Eq: (23a)
for B only contains integrals over f(z). Performing the steps that lead to Eq. (23d) but without putting £ = 0, using J f 2 dz = 2 + O(t: 2 ) whenever it multiplies an (J (t: 2 ).quantity, and gathering terms of order t: 2 gives
Calculation of the integrals in (27a) to lowest order in £ yields
The final result is Table I . Damping integral Bb(v') (Eq. (7c)) for power law damping. 15
The function l;(b) is the Riemann zeta function.
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